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Let ϕ be a holomorphic mapping between complex unit balls. We obtain several
characterizations of those ϕ for which the Möbius-invariant BMOA condition holds with
respect to the Bergman metric.
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1. Introduction
Let Bn denote the unit ball of Cn , n 1. For z ∈ Bn , let φz denote the Möbius transform of Bn such that φz(0) = z. Given















dσn(ζ ) < ∞, (1)
where βm is the Bergman metric on Bm and σn is the normalized Lebesgue measure on the unit sphere ∂Bn .
Let H(Bn) denote the space of holomorphic functions on Bn . Note that property (1) reduces to the Möbius-invariant
deﬁnition of the classical space BMOA(Bn) when ϕ is replaced by f ∈ H(Bn) and βm is replaced by the Euclidean metric.
Clearly, BMOAh is not linear. The class BMOAh(B1, B1) was introduced by S. Yamashita [1] by analogy with the hyperbolic
Hardy classes (cf. [2]).
Given a holomorphic mapping ϕ : Bn → Bm , the composition operator Cϕ : H(Bm) → H(Bn) is deﬁned by the following
identity:




, f ∈ H(Bm), z ∈ Bn.
P. Ahern and W. Rudin [3] posed the problem of characterizing those holomorphic functions ϕ : Bn → B1 for which the
composition operator Cϕ maps the Bloch space B(B1) into BMOA(Bn). So, the study of BMOAh(Bn, Bm) in the present paper
is motivated by the following result:
Theorem 1.1. (See [4, Theorem 1.1].) Let n,m ∈ N and let ϕ : Bn → Bm be a holomorphic mapping. Then ϕ ∈ BMOAh(Bn, Bm) if and
only if Cϕ maps the Bloch space B(Bm) into BMOA(Bn).
For m = 1, the above theorem was implicitly proved by W. Ramey and D. Ullrich [5]; see [6,7] for explicit formulations.
For n =m = 1, related results were also obtained in [8,9]. For arbitrary n,m ∈ N, under an additional regularity restriction
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Carleson measures. See [10] for an explanation why the cases m = 1 and m 2 are quite different.
In this paper, we obtain several characterizations of BMOAh(Bn, Bm) for arbitrary n,m ∈ N. First, in Section 3, we show
that analogs of condition (1) still deﬁne the class BMOAh(Bn, Bm) when the Bergman metric βm is replaced by certain
logarithmic or exponential functions of βm; see Theorem 3.1. For m = 1, such results were obtained in [1] by a different
method. The proof of Theorem 3.1 does not depend on Theorem 1.1; however, we use Lemma 2.2, a technical lemma
from [4]. Second, in Section 4, we describe (1) as a bounded mean oscillation property; see Theorem 4.2. For m = 1 and
n 2, a related result was obtained in [5].
2. Preliminaries
Basic properties of the spaces BMOA(Bn) and B(Bm) are collected in this section. The proofs of unreferenced facts are
given, for example, in [11].
2.1. Möbius transforms
The automorphism group of Bn , denoted by Aut(Bn), consists of all biholomorphic mappings from Bn onto Bn . Given
z ∈ Bn , the Möbius transform (or the involution) φz ∈ Aut(Bn) is deﬁned for λ ∈ Bn as follows:
φz(λ) = −λ when z = 0,
φz(λ) = z − Pzλ −
√
1− |z|2Q zλ
1− 〈λ, z〉 when z ∈ Bn \ {0},
where Pzλ = |z|−2〈λ, z〉z, Q zλ = λ − Pzλ. It is known that
1− ∣∣φz(λ)∣∣2 = (1− |λ|2)(1− |z|2)
1− |〈λ, z〉|2 , λ ∈ Bn,
and
φz ◦ φz(λ) = λ, λ ∈ Bn.
Each involution φz extends holomorphically to the closed unit ball Bn . Furthermore, the restriction of φz to the unit
sphere ∂Bn is a homeomorphism. If f ∈ L1(∂Bn, σn), then∫
∂Bn
f ◦ φz(ζ )dσn(ζ ) =
∫
∂Bn
f (ζ )P (z, ζ )dσn(ζ ), (2)
where
P (z, ζ ) = (1− |z|
2)n
|1− 〈z, ζ 〉|2n , z ∈ Bn, ζ ∈ ∂Bn,
is the invariant Poisson kernel.
2.2. BMOA(Bn)
2.2.1. BMOA(Bn) via Möbius transforms
Let BMOA(Bn) denote the space of functions f ∈ H(Bn) such that






∣∣ f ◦ φz(rζ ) − f (z)∣∣p dσn(ζ )
< ∞ (3)
for p = 1. BMOA(Bn) is a Banach space with respect to the norm
‖ f ‖BMOA(Bn) =
∣∣ f (0)∣∣+ ‖ f ‖BMOA1(Bn).
The following theorem sheds light on property (3) for arbitrary p > 0.







∣∣ f ◦ φz(rζ ) − f (z)∣∣dσn(ζ ) = I log < ∞. (4)
∂Bn










∣∣ f ◦ φz(rζ ) − f (z)∣∣)dσn(ζ ) C < ∞. (5)
A. Baernstein [12] proved the above theorem in the classical setting of BMOA(B1). Multidimensional and vector-valued
generalizations were obtained in [13,14]. In fact, Theorem 2.1 is formulated in [14] with δ = δ( f ) > 0. However, the argu-
ments given in [14] guarantee that the constant δ > 0 depends only on I log.
Clearly, (5) implies (3) for all p > 0. Also, if (3) holds for some p > 0, then we have (4). So, by Theorem 2.1, conditions
(3), (4) and (5) are equivalent. In particular, property (3) does not depend on p > 0.
Let B˜MOA(Bn) denote the quotient of BMOA(Bn) by the space of constant functions. For p  1, ‖ · ‖BMOAp(Bn) is an
equivalent norm on B˜MOA(Bn).
2.2.2. Möbius transforms and boundary values






∣∣g(rζ )∣∣dσn(ζ ) < ∞.












exists for all α > 1. The above limit is denoted by g∗(ζ ). Now, ﬁx a point z ∈ Bn . Recall that the involution φz extends
to a homeomorphism of ∂Bn . Hence, the limit g∗(φz(ζ )) exists for σn-almost all ζ ∈ ∂Bn . Also, given ζ ∈ ∂Bn and α > 1,
there exists γ = γ (α, z) > 1 such that φz(Dα(ζ )) ⊂ Dγ (φz(ζ )). Therefore, if the limit g∗(φz(ζ )) exists, then (g ◦ φz)∗(ζ ) =
g∗(φz(ζ )). So,




for σn-almost all ζ ∈ ∂Bn. (6)
Next, Fatou’s lemma guarantees that∫
∂Bn
log+















∣∣g(rζ )∣∣dσn(ζ ) (7)
holds if and only if the family {log+ |gr |}0<r<1 is uniformly integrable, that is, g belongs to the Smirnov class N+(Bn); see
[15, Chapter 2, Section 1.2], see also [16, Lemma 6.2]. For p > 0, N+(Bn) contains the Hardy space Hp(Bn) which consists





∣∣g(rζ )∣∣p dσn(ζ ) < ∞.
If g ∈ Hp(Bn), then g ◦ φz ∈ Hp(Bn) for all z ∈ Bn . Thus, (7), (6) and Theorem 2.1 guarantee that f ∈ BMOA(Bn) if and only
if for some p > 0





∣∣ f ∗(φz(ζ ))− f (z)∣∣dσn(ζ ) < ∞.
It is known that
‖g‖Hp(Bn) =
∥∥g∗∥∥ p . (8)L (σn)
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p > 0




∣∣ f ∗(φz(ζ ))− f (z)∣∣p dσn(ζ ) < ∞. (9)
The latter characterization of BMOA(Bn) is probably more standard (cf. [11, Theorem 5.3]).
2.2.3. Bounded mean oscillation of the boundary values
For η ∈ ∂Bn and δ > 0, put Q δ(η) = {ξ ∈ ∂Bn: |1 − 〈η, ξ〉| < δ2}. So, Q δ(η) is a ball of radius δ with respect to the
non-isotropic metric
d(η, ξ) = ∣∣1− 〈η, ξ〉∣∣ 12 , η, ξ ∈ ∂Bn.
Note that Q δ(η) = ∂Bn when δ 
√





for all η ∈ ∂Bn and all δ ∈ (0,
√
2 ).
Let p  1. A function f ∈ H1(Bn) is in BMOA(Bn) if and only if






∣∣ f ∗ − f ∗Q ∣∣p dσn < ∞, (11)







In fact, (11) explains the term “bounded mean oscillation”. For p  1, BMOA(Bn) is a Banach space with respect to the norm∣∣ f (0)∣∣+ ‖ f ‖BMOAp(Bn).







∣∣ f ∗ − b∣∣dσn = C < ∞. (12)





∣∣ f ∗ − f ∗Q ∣∣dσn  1σn(Q )
∫
Q






f ∗ − b)dσn∣∣∣∣ 2C .
So, (12) implies that ‖ f ‖BMOA1(Bn)  2C .
2.3. The Bloch space
The Bloch space B(Bm) consists of those f ∈ H(Bm) for which
‖ f ‖B(Bm) =
∣∣ f (0)∣∣+ sup
w∈Bm
∣∣R f (w)∣∣(1− |w|2)< ∞,
where






(w), w ∈ Bm,
is the radial derivative of f .
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Given w ∈ Bm , let ψw denote the involution of Bm such that ψw(0) = w . For f ∈ H(Bm), put









, w ∈ Bm,
and
∇˜ f (w) = ∇( f ◦ ψw)(0), w ∈ Bm.




∣∣R f (w)∣∣(1− |w|2);
sup
w∈Bm
∣∣∇ f (w)∣∣(1− |w|2);
‖ f ‖B˜(Bm) = sup
w∈Bm
∣∣∇˜ f (w)∣∣.
The above expressions are seminorms on B(Bm); these seminorms degenerate exactly on the constant functions. Note that∣∣ f (0)∣∣+ ‖ f ‖B˜(Bm)
is an equivalent norm on B(Bm). The main advantage of ‖ · ‖B˜(Bm) is its Möbius-invariance. Namely,
‖ f ◦ ψ‖B˜(Bm) = ‖ f ‖B˜(Bm)
for all ψ ∈ Aut(Bm), f ∈ B(Bm).
2.3.2. Lipschitz functions in the Bergman metric
Let f ∈ H(Bm). Then∣∣ f (w1) − f (w2)∣∣ ‖ f ‖B˜(Bm)βm(w1,w2) for all w1,w2 ∈ Bm.
Hence,∣∣ f (w1) − f (w2)∣∣ C‖ f ‖B(Bm)βm(w1,w2) for all w1,w2 ∈ Bm. (13)
2.3.3. A reverse estimate for Bloch functions
Lemma 2.2. (See [4, Lemma 3.2].) Let m ∈ N and let 0 < p < ∞. Then there exist constants J = J (m) ∈ N, τm,p > 0 and there exist





∣∣F j,x(w)∣∣p dx τm,p(log 11− |w|2
) p
2
for all w ∈ Bm.
3. Generalizations of Theorem 1.1
Recall that φz , z ∈ Bn , and ψw , w ∈ Bm , denote the involutions of Bn and Bm , respectively. Below we argue in terms of






, w1,w2 ∈ Bm. (14)
If w1,w2 ∈ Bm , then put βm(w1,w2) = +∞ when w1 = w2 and w j ∈ ∂Bn for at least one index j ∈ {1,2}.
Theorem 3.1. Let ϕ : Bn → Bm be a holomorphic map. Then the following properties are equivalent:
Cϕ : B(Bm) → BMOA(Bn) is a bounded operator; (15)

















dσn(ζ ) < ∞; (16)∂Bn
















































dσn(ζ ) < ∞. (19)








∣∣ f ◦ ϕ ◦ φz(rζ ) − f ◦ ϕ(z)∣∣dσn(ζ ) ‖ f ◦ ϕ‖BMOA1(Bn)
 ‖Cϕ‖B˜→˜BMOA‖ f ‖B˜(Bm).










∣∣ f ◦ ϕ ◦ φz(rζ ) − f ◦ ϕ(z)∣∣)dσn(ζ ) C(δ) < ∞. (20)
Let the constant τ = τm,1 > 0 and the functions F j,x ∈ B(Bm), 1  j  J , 0  x  1, be those provided by Lemma 2.2 for
p = 1. Observe that ‖F j,x‖B˜(Bm)  C‖F j,x‖B(Bm)  C . Since ‖ · ‖B˜(Bm) is Möbius-invariant, we obtain ‖F j,x ◦ ψϕ(z)‖B˜(Bm)  C ,
where the constant C > 0 does not depend on z ∈ Bn . Also, we have F j,x ◦ ψϕ(z)(ϕ(z)) = F j,x(0) = 0. Thus, by (20) with





∣∣F j,x ◦ ψϕ(z)(ϕ(φz(rζ )))∣∣)dσn(ζ ) C










∣∣F j,x ◦ ψϕ(z)(ϕ(φz(rζ )))∣∣)dσn(ζ )dx C









































for all z ∈ Bn , 0< r < 1. So, by (14), property (16) holds with ε = τδ/ J > 0.
Clearly, (16) ⇒ (17) ⇒ (18) ⇒ (19).
(19) ⇒ (15) Let f ∈ B(Bm). By (13),∣∣ f (ϕ(φz(rζ )))− f (ϕ(z))∣∣ Cβm(ϕ(φz(rζ )),ϕ(z))








∣∣ f (ϕ(φz(rζ )))− f (ϕ(z))∣∣dσn(ζ ) < ∞.
Hence, f ◦ ϕ ∈ BMOA(Bn) by Theorem 2.1. So, (15) holds by the closed graph theorem. The proof of Theorem 3.1 is com-
plete. 
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the place of
√
β1 remains equivalent to properties (17)–(19). To prove this fact, S. Yamashita [1] adapted the arguments of
A. Baernstein [12] to the hyperbolic setting. Since the above proof of Theorem 3.1 depends on Lemma 2.2, we obtain the
square root of βm in (16).
Corollary 3.2. Let ϕ : Bn → Bm be a holomorphic map. Then (15) is equivalent to each of the following properties:



























































dσn(ζ ) < ∞. (24)
Proof. (16) ⇒ (21) Let p > 0. Each coordinate function of ϕ belongs to H∞(Bn), hence, by (6),
lim
r→1−ϕ ◦ φz(rζ ) = ϕ
∗(φz(ζ )) for σn-almost all ζ ∈ ∂Bn (25)
















































 C < ∞
for all z ∈ Bn . So, (21) holds.
Clearly, (21) ⇒ (22) ⇒ (23) ⇒ (24).
(24) ⇒ (19) Let f ∈ B(Bm) and let 0<ρ < 1. For w ∈ Bm , put fρ(w) = f (ρw). Let z ∈ Bn . Fix ζ ∈ ∂Bn such that the limit


























))= ( fρ ◦ ϕ)∗(φz(ζ )). (26)
Observe that fρ ∈ H∞(Bm), hence, fρ ◦ ϕ ∈ H∞(Bm) ⊂ N(Bm). So, applying (6), we obtain
( fρ ◦ ϕ)∗
(
φz(ζ )
)= ( fρ ◦ ϕ ◦ φz)∗(ζ ).
We have ‖ fρ‖B(Bm)  ‖ f ‖B(Bm) . Thus, (13) guarantees that∣∣( fρ ◦ ϕ ◦ φz)∗(ζ ) − fρ ◦ ϕ(z)∣∣= ∣∣ fρ(ϕ∗(φz(ζ )))− fρ(ϕ(z))∣∣








for σn-almost all ζ ∈ ∂Bn . Note that the above constant C > 0 does not depend on z ∈ Bn and ρ ∈ (0,1). Therefore, for all
z ∈ Bn and 0< ρ < 1, we have∫
log+
∣∣( fρ ◦ ϕ ◦ φz)∗(ζ ) − fρ ◦ ϕ(z)∣∣dσn(ζ ) C < ∞∂Bn
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∂Bn
log+
∣∣ fρ ◦ ϕ ◦ φz(rζ ) − fρ ◦ ϕ(z)∣∣dσn(ζ ) C
for all z ∈ Bn , 0< r < 1 and 0< ρ < 1. Taking the limit as ρ → 1− and applying Fatou’s lemma, we obtain∫
∂Bn
log+
∣∣ f ◦ ϕ ◦ φz(rζ ) − f ◦ ϕ(z)∣∣dσn(ζ ) C
for all z ∈ Bn , 0 < r < 1. In other words, (19) holds. Recall that properties (15)–(19) are equivalent by Theorem 1.1. So, the
proof of the corollary is complete. 
4. Bounded mean oscillation
This section is motivated by the following theorem:










(〈ζ,η〉η))dσn(ζ ) < ∞, (27)
where the supremum is taken over all Q δ(η) ⊂ ∂Bn.
Condition (27) resembles the deﬁning property (11) for BMOA(Bn) when the Euclidean metric is replaced by the Bergman
metric β1. However, note that the point 〈ζ,η〉η is moving when Q = Q δ(η) is ﬁxed. In the following result, if Q = Q δ(η)
is ﬁxed, then the corresponding point remains stable.















1− δ2 ))dσn(ζ ).
Then the following properties are equivalent:
Cϕ : B(Bm) → BMOA(Bn) is a bounded operator; (28)
Kϕ,p < ∞ for all p  1; (29)
Kϕ,p < ∞ for some p  1. (30)
Proof. (28) ⇒ (29) Let p  1. By Corollary 3.2, (28) implies (22), that is,
sup
z∈Bn
Iz < ∞, (31)
where
























|1− 〈z, ζ 〉|2n dσn(ζ )
by (2).
Fix a point η ∈ ∂Bn and a radius δ ∈ (0,1]. Put z = zη,δ = η
√









|1− 〈z, ζ 〉|2n dσn(ζ ).Q δ(ζ )
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by (10). Since η ∈ ∂Bn and δ ∈ (0,1] are arbitrary in the above estimate, property (29) holds by (31).
The implication (29) ⇒ (30) is trivial.
(30) ⇒ (28) Without loss of generality, assume that p = 1. Let f ∈ B(Bm) and let 0 < r < 1. For w ∈ Bm , put fr(w) =




)= ( fr ◦ ϕ)∗(ζ )
for σn-almost all ζ ∈ ∂Bn . For η ∈ ∂Bn and 0 < δ < 1, put z = zη,δ = η
√
1− δ2. We have ‖ fr‖B(Bm)  ‖ f ‖B(Bm) , hence,









∣∣ fr(ϕ∗(ζ ))− fr(ϕ(z))∣∣dσn(ζ )









 CKϕ,1 < ∞ (32)
for all η ∈ ∂Bn , 0< δ  1, 0< r < 1.
Consider a ﬁnite covering Q 1(η j), 1 j  J , of the sphere ∂Bn . We have∫
∂Bn




∣∣( fr ◦ ϕ)∗(ζ ) − fr ◦ ϕ(0)∣∣dσn(ζ )






∣∣( fr ◦ ϕ)∗(ζ ) − fr ◦ ϕ(0)∣∣dσn(ζ ) CKϕ,1 (33)
for all η ∈ ∂Bn , δ > 1, 0< r < 1.
Fix 0< r < 1. The value fr(ϕ(zη,δ)) is constant when Q δ(η) is ﬁxed, so, (12) holds for fr ◦ϕ by (32) and (33). Therefore,
‖ fr ◦ ϕ‖BMOA1(Bn)  C,
where the constant C > 0 does not depend on r. Since fr(ϕ(0)) → f (ϕ(0)) as r → 1−, we obtain∣∣ fr(0)∣∣+ ‖ fr‖BMOA1(Bn)  C for all 0< r < 1.
Thus,
‖ fr ◦ ϕ‖BMOA(Bn)  C for all 0< r < 1.
Also, for all z ∈ Bn , fr ◦ ϕ(z) → f ◦ ϕ(z) as r → 1−. Therefore, f ◦ ϕ ∈ BMOA(Bn). So, (28) holds by the closed graph
theorem. 
References
[1] S. Yamashita, Holomorphic functions of hyperbolically bounded mean oscillation, Boll. Unione Mat. Ital. B (6) 5 (3) (1986) 983–1000.
[2] S. Yamashita, Hyperbolic Hardy class H1, Math. Scand. 45 (2) (1979) 261–266.
[3] P. Ahern, W. Rudin, Bloch functions, BMO, and boundary zeros, Indiana Univ. Math. J. 36 (1) (1987) 131–148.
[4] E. Doubtsov, Bloch-to-BMOA compositions on complex balls, Proc. Amer. Math. Soc., in press.
[5] W. Ramey, D. Ullrich, Bounded mean oscillation of Bloch pull-backs, Math. Ann. 291 (4) (1991) 591–606.
66 E. Doubtsov / J. Math. Anal. Appl. 391 (2012) 57–66[6] E.G. Kwon, On analytic functions of Bergman BMO in the ball, Canad. Math. Bull. 42 (1) (1999) 97–103.
[7] S. Makhmutov, M. Tjani, Composition operators on some Möbius invariant Banach spaces, Bull. Austral. Math. Soc. 62 (1) (2000) 1–19.
[8] B.R. Choe, W. Ramey, D. Ullrich, Bloch-to-BMOA pullbacks on the disk, Proc. Amer. Math. Soc. 125 (10) (1997) 2987–2996.
[9] W. Smith, R. Zhao, Composition operators mapping into the Q p spaces, Analysis 17 (2–3) (1997) 239–263.
[10] O. Blasco, M. Lindström, J. Taskinen, Bloch-to-BMOA compositions in several complex variables, Complex Var. Theory Appl. 50 (14) (2005) 1061–1080.
[11] K. Zhu, Spaces of Holomorphic Functions in the Unit Ball, Grad. Texts in Math., vol. 226, Springer-Verlag, New York, 2005.
[12] A. Baernstein II, Analytic functions of bounded mean oscillation, in: Aspects of Contemporary Complex Analysis (Proc. NATO Adv. Study Inst., Univ.
Durham, Durham, 1979), Academic Press, London, 1980, pp. 3–36.
[13] Z. Chen, C. Ouyang, Möbius invariant vector-valued BMOA and H1-BMOA duality of the complex ball, J. Lond. Math. Soc. (2) 63 (1) (2001) 159–176.
[14] C.H. Ouyang, Some classes of functions with exponential decay in the unit ball of Cn , Publ. Res. Inst. Math. Sci. 25 (2) (1989) 263–277.
[15] A.B. Aleksandrov, Function theory in the ball, in: Current Problems in Mathematics. Fundamental Directions, in: Itogi Nauki i Tekhniki, vol. 8, Akad.
Nauk SSSR Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow, 1985, pp. 115–190, 274 (in Russian); English transl. in: Encyclopaedia Math. Sci., vol. 8,
Springer-Verlag, Berlin, 1994, pp. 107–178.
[16] W. Rudin, New Constructions of Functions Holomorphic in the Unit Ball of Cn , CBMS Reg. Conf. Ser. Math., vol. 63, Amer. Math. Soc., Washington, DC,
1986.
